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1 .  INTRODUCTION 


Chaff,  which  is  a  countermeasure  designed  to  reduce  the  effectiveness  of 
radar,  has  also  been  used  in  communications  systems.  Chaff  usually  consists 
of  a  large  number  of  thin,  highly  conducting  wires  dispensed  in  the  atmosphere 
to  form  a  "cloud"  of  scatterers.  Energy  scattered  by  the  cloud  and  received 
by  a  radar  would  Ideally  be  large  enough  to  mask  the  presence  of  some  target 
for  which  the  chaff  is  to  protect.  The  wires  may  have  many  forms  but  typi¬ 
cally  are  cut  to  a  length  so  that  they  become  resonant  dipoles  at  the  radar's 
frequency.  The  dipoles  also  will  be  effective  at  harmonics  of  the  radar  fre¬ 
quency.  For  axample,  dipoles  that  are  tuned  to  half-wavelength  resonance  at 
frequency  f q  will  be  full-wave  dipoles  at  2f0,  three-halves  wavelength  at  3f0, 
etc.  If  one  dispenses  dipoles  of  several  lengths  chaff  can  be  made  effective 
over  a  wide  band  of  frequencies. 

Chaff  was  first  used  in  World  War  II  to  confuse  German  radar,  but  it  re¬ 
mains  an  important  countermeasure  to  date.  Many  patameters  enter  into  the 
overall  effectiveness  of  chaff,  such  as  physical  cross  oectional  area  of 
chaff  elements  (dipoles),  losses  in  the  elements,  speed  and  extent  to  which 
clouds  form,  effects  of  winds  and  turbulence  on  dipole  shape,  fall  speed  and 
attitudes  of  the  elements,  weight,  volume,  clustering  (birdneatlng)  tendencies, 
and  radar  cross  section;  This  paper  is  concerned  only  with  the  radar  cross 
section  of  chaff.  For  the  reader  interested  in  the  other  parameters,  several 
survey  papers  are  available.  [1-5]* 

The  literature  related  to  scattering  from  chaff  and  from  chaff  elements 
is  voluminous;  no  effort  will  be  made  to  give  a  comprehensive  list  of  refer¬ 
ences.  For  a  good  listing  of  articles  prior  to  about  1970  the  Radar  Cross 
Section  Handbook  [6]  is  a  good  source.  Peebles  [7]  is  a  bibliography  on  the 
subject  up  to  about  1983.  We  shall,  however,  cite  a  few  references  considered 
representative  of  the  developments  that  have  evolved  and  that  related  most 
directly  to  the  interests  of  this  paper. 

Early  efforts  to  describe  chaff  effects  centered  mainly  on  backscatter 
cross  section  (monostatic  scattering).  Bloch,  Hammermesh,  and  Phillips  [8] 
gave  one  of  the  earliest  analyses  based  on  a  simple,  infinitely  conducting, 
wire  model  of  the  dipole;  backscatter  cross  section  was  found  for  a  dipole 
element  having  any  orientation  relative  to  the  Incident  wave.  In  addition, 
the  Importance  of  the  randomness  of  dipole  positions  and  orientations  was 
realized  and  average  cross  sections  were  determined.  For  chaff  elements  with 
directions  uniformly  distributed  over  the  sphere,  cross  section  was  found  to 
be  0.158A2  per  dipole,  a  value  that  is  representative  to  date.  For  dipoles 
in  the  wave's  polarization  plane,  but  uniformly  distributed  in  angle  within 
the  plane,  cross  section  per  dipole  was  found  to  be  0.289A2  [8]. 


References  are  quoted  by  bracketed  numbers  and  are  located  at  the  end  of 
the  report. 
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Apparently,  using  a  dipole  model  similar  to  Bloch  et  al.  [8] ,  Chu,  in 
unpublished  work  cited  in  Van  Vleck  et  al.  [9] ,  found  the  spherically  averaged 
backacatter  cross  section,  denoted  by  o,  for  resonant  dipoles.  His  result  can 
be  put  in  the  fora 


1. 178(L/A)  -  0.131  +  0.179  ln(22.368  L/A) 


[ln(22. 368  L/A) ]2 


per  dipole,  where  L  is  the  dipole  length,  X  is  wavelength,  and  L  must  be  a 
multiple  of  A/2;  i.e..  L  -  MA/2,  M  -  1,2,  ...  .  From  equation  (1),  a  ■  0.153A2, 
0.166A2,  and  0.184A2  for  half-wave,  full-wave,  and  1.5-wave  dipoles,  re¬ 
spectively. 

Much  effort  has  been  made  over  the  years  to  refine  and  extend  the  models 
for  dipole  scattering;  One  model  based  on  induced  EMF  was  developed  [9] ;  it 
was  called  "Method  A"  and  gave  nearly  the  same  results  as  Chu  but  was  also 
valid  for  dipole  lengths  between  resonances  and  nonzero  wire  cross-sectional 
area.  A  second  "Method  B"  [9]  produced  better  agreement  with  measursd  data 
than  Method  A  and  was  a  first-order  integral  equation  solution.  Method  B  was 
comparable  with  an  Independent  development  of  King  and  Middleton  [ 10] .  Another 
model  due  to  Tai  [ 1 1 ]  applied  to  Infinitely  conducting  dipoles  and  used  a  vari¬ 
ational  method.  Cassedy  and  Fainberg  t 12]  extended  the  model  of  Tai  to  Include 
finite  dipole  conductivity.  Harrison  and  Heinz  [13]  have  considered  backacatter 
for  tubular  and  strip  chaff  elements  as  well  as  solid  wires,  all  for  finite 
conductivity.  A  model  based  on  the  Uiener-Hopf  technique  introduced  py  Chen 
[14]  for  thin  wires  applies  to  longer  dipoles  and  appears  to  fit  experimental 
data  better  than  some  earlier  models.  More  complicated  computer  models  taking 
into  account  mutual  coupling  between  dipoles  in  a  cloud  are  described  by 
Uickliff  and  Garbacz  [15].  Medgyesi-Mitschang  and  Eftimlu  [ 1 6]  have  used 
Galerkin  Expansions  to  examine  backscattering  from  infinitely  conducting  tubes. 
Other  characteristics  that  have  been  studied  that  are  applicable  to  back- 
scatter  from  chaff  are  statistical  properties  [17]  and  spectral  properties 
due  to  dipole  motion  [18,  19]. 

Whereas  considerable  effort  has  been  made  to  describe  backscattering,  less 
effort  has  been  made  in  the  more  general  bistatic  scattering  problem.  One  of 
the  earliest  studies  appears  to  be  that  of  Hessemer  [20] ,  where  reflections 
from  chaff  were  used  for  communications.  Useful  formulas  were  derived  for 
average  cross  sections  assuming  both  spherical  and  planar  random  dipole  dis¬ 
tributions  when  using  a  simple  thin  wire  model  (similar  to  Bloch  et  al.  [8]). 
Mack  and  Reiffen  [21]  also  used  a  thin  wire  model  to  find  average  blstatic 
cross  sections  and  showed  how  they  depend  on  linear  or  circular  polarization. 
Some  discussion  of  the  effect  of  losses  was  also  given.  Unfortunately,  there 
has  been  some  question  as  to  the  correctness  of  some  results  in  Mack  and 
Reiffen  [2 1 ]  as  pointed  out  by  Harrington  [22].  We  say  more  about  this  below. 
Borlson  [23]  has  also  obtained  some  specific  average  cross  sections,  but  only 
for  linear  polarizations.  Other  studies  of  bistatic  scattering  from  dipoles 
[24-29]  have  used  more  exact  models,  but  results  obtained  are  either  somewhat 
difficult  to  apply  in  practical  cases,  or  do  not  give  explicit  equations  for 
cross  section  useful  to  applications,  or  do  not  show  the  way  in  which  geometry 
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and  polarisations  of  transmit  and  receive  antennas  affect  the  scattering. 

Sons  of  theca  efforts  also  did  not  obtain  the  averaged  cross  section  of  chaff. 

Probably  the  most  complete  study  of  chaff  to  date  is  due  to  Dedrick, 
Hesaing,  and  Johnson  [30] .  By  applying  an  approach  using  Stokes  parameters 
they  were  able  to  show  that  four  independent  quantities  are  all  that  are  re¬ 
quired  to  determine  any  chaff  cross  section.  The  results  in  Dedrick  et  al. 

[30]  applied  to  any  combination  of  transmit- receive  antenna  polarisations , 
but  how  to  compute  results  for  such  combinations  was  not  shown.  Results  that, 
were  given  were  mainly  in  the  form  of  graphs  derived  from  simulations,  and 
these  were  for  dipole  lengths  that  are  not  usually  of  much  interest  in  prac¬ 
tice  (no  specific  equations  were  given  for  solutions  of  the  four  required 
parameters) . 

The  most  recent  analyses  of  biatatic  chaff  have  used  the  polarisation 
scattering  matrix.  Heath  [31]  has  used  this  approach  to  show  the  relations 
between  cross  sections  applicable  to  circular  transmlt-receiva  polarisations 
and  cross  sections  applicable  to  linear  field  components  parallel  and  normal 
to  the  plane  containing  transmitter,  acatterer,  and  receiver.  Other  work  [32] 
sheared  the  relationship  between  circular  croas  sections  and  cross  sections 
applicable  to  linear  tramamit-receive  polarisations. 

Prom  the  preceding  discussion  one  concludes  that  the  complete  solution  to 
the  problem  of  blstatlc  scattering  from  chaff,  even  for  the  simple  dipole  model 
has  not  been  developed.  It  is  the  purpose  of  this  paper  to  present  such  a 
solution  In  a  form  that  is  readily  applied  in  practice.  Specifically,  we  shall 
determine  explicit  equations  for  the  ch^ff  blstatlc  cross  section  presented  to 
a  receiving  antenna  having  arbitrary  (elliptical)  polarisation,  arbitrary  lo¬ 
cation,  and  viewing  the  chaff  cloud  in  an  arbitrary  direction  when  the  cloud 
la  being  Illuminated  by  a  transmitter  having  an  arbitrarily  polarised  (differ¬ 
ent  elliptical)  antenna.  Our  results  are  in  a  fora  that  is  essy  to  use; 
several  specific  examples  of  practical  Interest  are  developed  in  detail. 

2.  PROBLEM  DEFINITION  AND  SUMMARY  OF  RESULTS 

2.1  Problem  Definition 

The  overall  geometry  applicable  to  bistatic  scattering  is  shown  in  figure 
1.  A  transmit  antenna  located  at  point  T  radiates  an  arbitrarily  polarised 
wave  toward  a  cloud  of  randomly  positioned  and  randomly  oriented  dipoles  rep¬ 
resented  by  point  D.*  The  transmit  direction  is  defined  by  spherical  coordi¬ 
nate  angles,  9j,  +i»  defined  in  the  common  x,y,s  coordinate  frame.  The  dipole 
cloud  is  assumed  far  enough  away  that  the  incident  wave  is  planar.  Cloud  ex- 


+ 

Clearly,  point  D  cannot  represet,  the  cloud;  it  is  helpful  to  view  D  as  a 
point  toward  which  both  transmit  and  receiver  antennas  are  directed  and 
about  which  dipoles  in  the  cloud  are  dispersed. 
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tent  is  assumed  to  be  small  enough  In  relation  to  average  distance,  denoted 
by  t\t  so  that  the  strength  of  the  incident  field  is  approximately  the  same 
for  all  dipoles. 

Scattering  between  dipoles  is  assumed  negligible,  and  dipoles  are  pre¬ 
sumed  sufficiently  dispersed  that  mutual  coupling  is  of  no  concern.  Study 
has  shewn  [29]  that  dipoles  spaced  at  least  two  wavelengths  apart  in  any  di¬ 
rection  produce  almost  no  mutual  coupling;  average  spacings  down  to  0.4X, 

X  denoting  wavelength,  can  produce  up  to  &  3-dB  loss  in  bistatic  cross  section. 
Dipoles  are  assumed  to  be  infinitely  conducting  wires  with  a  length  that  pro¬ 
duces  resonance  at  the  transmitter  frequency;  thus,  we  shall  assume  the  simple 
wire  model.  In  many  practical  cases  dipole  size  and  material  are  such  that 
dipole  losses  are  negligible  [33]. 

s 


As  illustrated  in  figure  1,  a  typical  dipole  scatters  some  energy  in  the 
direction  of  a  receiver,  at  point  R,  defined  by  spherical  angles  62,  $2  •  The 
receiving  antenna  is  assumed  far  enough  away  from  all  dipoles  in  the  cloud 
being  viewed  by  the  receiver  antenna  so  that  all  dipole-receiver  path  distances 
approximately  equal  the  average  distance,  denoted  by  r2<  The  receiver  is  arbi¬ 
trarily  located,  and  the  angle  between  its  line  of  sight  (RD)  and  the  radar's 
line  of  sight  (TD)  is  called  the  bistatic  scattering  angle,  denoted  by  $• 

Both  transmit  and  receive  antennas  are  presumed  to  be  arbitrary;  that  is, 
they  are  elliptically  polarized.  By  employing  the  usual  complex  envelope  rep¬ 
resentation  of  fields,  one  can  define  the  transmitted  (or  received)  field  po¬ 
larisation  by  a  complex  quantity  Q  (Qx  for  transmitter;  Qg  for  receiver) 
equals  the  complex  field  in  the  $  direction  ($}  for  transmitter;  $2  -or  7e~ 
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ceiver)  divided  by  the  complex  field  in  the  6  direction  (6)  for  transmitter; 
b*  for  receiver) .  Appendix  A  details  ways  of  selecting  Qf  and  Qr  for  spe¬ 
cific  systems.  The  electric  field  of  the  wave  incident  on  the  dipole  cloud 
is  denoted  byfcii;  it  has  components  in  directions  6;  and  and  its  polar¬ 
isation  is  determined  by  The  electric  field  vector ,  denoted  by  "62 »  of  the 

wave  arriving  at  the  receiver  can  be  decomposed  into  the  sum  of  (1)  an  elec¬ 
tric  field  vector,  denoted  by  ,  of  an  elliptically  polarized  wave  having 
the  receive  antenna's  polarization,  defined  by  Qr,  and  (2)  a  second  wave's 
electric  field  vector,  denoted  by  &r2,  having  the  orthogonal  polarization  also 
defined  by  Qr. 

With  the  above  definitions  we  define  bistatic  cross  section,  denoted  by 
o,  based  on  the  power  arriving  at  the  receiver  in  the  receiver's  preferred 
polarization  according  to 


a 


lim  Air  \ 
r2 -*«* 


j®*i 


-  |1Rl|2/|E,|2 


(2) 


Cross  section,  denoted  by  ax»  can  also  be  defined  for  power  arriving  at  the 
receiver  in  the  orthogonal  polarization  by 


ox  *  lim  Axr2 


Jkll, 

r*,i2 


Airr2 


.2 


-R2I 


!/|E!| 


(3) 


The  approximations  in  equations  (2)  and  (3)  are  true  because  we  have  assumed 
r2  relatively  large.  These  cross  sections  depend  on  the  exact  dipole  positions 
and  orientations.  A  reasonable  approach  to  reducing  the  complexity  of  equa¬ 
tions  (2)  and  (3)  is  to  take  advantage  of  the  random  nature  of  positions  and 
orientations  by  treating  these  quantities  as  random  variables  and  averaging 
to  get  average  cross  sections,  denoted  by  9  and  5X.  By  using  E[*]  to  de¬ 
note  the  statistical  average  we  have 


o  *  Airr2E 


5X  ”  Airr2E 


|eRi|2 


|Er2 


/|Eir  . 

/|El!2  • 


(A) 

(5) 


2.2  Summary  of  Results 


In  following  sections  we  show  that 

9  "  (i  +  |qtI2)(i  +  I QrI 2)  {(fitoi  ^Wl^2  +  9^to»  lW2^lXll2 

+  (®ltol.  lWll2  +  5„tot|  lW2|2)|X2|2  (6) 

+  4oa  Re  (WjW*)  Re  (XxxJ)J  , 

5*  "  TT+  |QT|^(1  +  I  QR|  2)  {(5ltol  lW2l2  +  Sltol|  lWll2)lXll2 

+  ^JLto|lM2l2  +  ,,«tol|  l«ll2)lX2l2  (7) 

-  45a  Re  (WiW§)  Re  (XXX$) J  , 

where  Re(* )  represents  the  real  part  of  the  quantity  in  parentheses ,  *  denotes 


complex  conjugation,  and 

Xi  -  Ti  -  T2QT  (8) 
X2  -  T2  +  TxQx  (9) 
Tj  •  Bi  a  02  sin  -  $2) /sin  0  (10) 
T2  •  [sin  0^  cos  02  -  cos  6i  sin  02  cos  ($i  -  $2)]/sin  0  (11) 
Wi  -  Rx  -  R2Qr  (12) 
W2  -  R2  +  RxQr  (13) 
Rl  -  sin  0j  sin  ($i  -  $2)/sin  0  (14) 
R2  ■  -[sin  02  cos  -  cos  02  sin  0j  cos  ($i  -  $2)]/sin  0  .  (15) 


N  is  the  number  of  dipoles  being  illuminated  by  the  transmitter  that  exists 
in  the  volume  viewed  by  the  receiver's  antenna,  and  c?xtoi>  3  o  toll  » 

3,1  tog  »  aA  are  four  functions  (actually  are  cross  sections — see  text) 

that  are  defined,  graphed  (figures  3  through  6),  and  tabularized  (tables 
1  through  3)  in  the  subsequent  text.  It  results  that  these  four  functions 
depend  only  on  0  (for  a  given  dipole  length)  and  are  independent  of  other 
scattering  geometry  involving  rj,  6i,  $i,  r2,  02»  and  $2. 


For  a  given  problem  where  the  geometry  is  given  such  that  ri ,  0j, 
r2t  ®2 *  $2 *  8»  N,  and  X  are  kncwu,  the  use  of  equations  (6)  and  (7)  involves 
mainly  two  things.  First,  for  whatever  dipole  case  is  of  interest,  the 
functions  o^toi*  5  g  tojj  ,  Oj^ou  ,  and  5  a  are  determined  either  from  the 
tables  or  from  the  graphs  given.  Second,  QT  and  Qr  must  be  specified  for 
the  transmitter  and  receiver.  Table  A-l  (appendix  A)  is  helpful  in  choosing 
the  Q’s  for  the  more  common  cases.  In  the  general  case  cf  elliptical  polar¬ 
izations  the  relationships  of  appendix  4  may  be  used. 

3.  ANALYSIS  OF  SINGLE  DIPOLE  SCATTERING 

The  overall  scattering  geometry  is  given  in  figure  1.  By  proper  choice 
of  coordinates  defining  scattering  by  the  dipole  at  point  D,  the  effect  of 
the  dipole  can  be  separated  from  the  incident  path  parameters  ri ,  6i,  and 
the  scattering  path  parameters  r2,  62,  and  <|>2.  The  choice  consists  of  de¬ 
fining  a  scattering  plane  TDR.  The  scattering  plane  and  dipole  geometry  are 
shewn  in  figure  2.  A  coordinate  system  x',  y',  z'  is  defined  such  that  x* 
and  y'  axes  lie  in  the  plane  TDR  with  x'  positioned  to  bisect  the  scattering 
angle  3.  The  dipole  is  located  at  the  origin  of  the  primed  coordinate  system 
with  its  wire  axis  located  by  spherical  angles  0<j  and  <f>d,  as  shown. 

z’ 


Figure  2.  Scattering  plane  and  dipole  geometry. 
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We  define  E$x  and  E$r  as  incident  and  received  electric  field  com¬ 
ponents  that  lie  in  the  scattering  plane  and  are  normal  to  axes  TD  and  DR, 
respectively.  Similarly  we  define  field  components  E@x  and  E0r  that  are  nor¬ 
mal  to  the  scattering  plane  and  orthogonal  to  E$x  and  E$r,  respectively,  all 
as  shown  in  figure  2.  By  using  the  polarization  scattering  matrix  approach  to 
the  scattering  problem,  we  have 


- 

• 

»  m 

**  — 

e®r 

dll 

dl  2 

e0T 

-  [d] 

EeT 

e*r 

L  J 

d21 

d22 

m 

e4»t 

E*t 

—  M 

(16) 


Here  [d]  is  the  scattering  matrix  of  the  dipole  with  elements  dm,  that  are  to 
be  determined,  where  m  and  n  ■  1,  2. 


The  field  components  E@x  and  E^x  are  related  to  the  transmitted  fields 
E01  and  Efj  (figure  1)  that  are  incident  on  the  dipole  by 


E0T 

TU  T12 

■v 

v 

MB 

-  [T] 

_S*T 

Jai  T22_ 

.E*i. 

iH 

-e- 

w  l 

(17) 


where  [T]  is  a  field  transformation  matrix  for  the  incident  path  that  we  sub¬ 
sequently  determine.  In  an  analogous  manner,  fields  Eq2  and  E<J>2  (figure  1) 
at  the  receiver  are  related  to  E0r  and  E$r  by 


Ee2 

_R11 

ri2” 

V 

V 

- 

-  [R] 

>2_ 

R21 

R22_ 

e$r 

E*R 

(18) 


where  [R]  is  another  field  transformation  matrix  for  the  receiver  path.  By 
combining  equations  (16)  through  (18)  we  have 


V 

E0i” 

«  [R][d][T] 

Hi 

E*i 

«  — 

(19) 


It  is  shown  in  appendix  A  that  the  received  wave  can  be  decomposed  into 
two  elliptically  polarized  waves.  One,  with  electric  field  vector  we  denote 
by  $Rn  will  have  an  "amplitude"  denoted  by  Erj  and  polarization  set  by  Qr, 
which  is  that  of  the  receiver  antenna's  polarization.  The  second  wave,  with 
electric  field  vector  denoted  by  Er2,  has  the  polarization  orthogonal  to  that 
of  the  receiver.  Thus,  from  appendix  A,  we  write 
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Thus,  by  solving  equation  (22)  we  obtain  average  bistatic  cross  sections  from 
equations  (23)  and  (24);  its  solution  requires  that  we  first  determine  matrices 
[R],  [T],  and  [d] . 

3.1  Determination  of  Matrices  [R]  and  [T] 

Although  we  shall  omit  details  because  the  procedures  are  straight  for¬ 
ward,  it  is  relatively  easy  to  show  that 


(26) 

(27) 

(28) 

(29) 

(30) 


3.2  Dipole  Scattering  Matrix  [d] 

Let  the  dipole  be  located  as  shown  in  the  primed  coordinate  system  of 
figure  2.  Let  0  and  $  be  angles  in  spherical  coordinates  locating  an  arbi¬ 
trary  direction  of  interest.  Then  for  a  dipole  with  a  sinusoidal  current  dis¬ 
tribution  with  current  I?  in  its  center  (terminal  area  if  it  were  a  center-fed 
dipole),  the  effective  lengths  in  directions  0  and  ( fi,  denoted  by  hg  and 
h^,  are  known  (see  Cross  [35])  to  be 

[he  h$]  -  A(0 ,  <>) 

•  [-sin  0  cos  6<j  +  cos  6  sin  0^  cos  (#  -  4>d)  sin  ®d  sln  ^d  “  ♦)]  > 
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(31) 


where  we  define 


A(0  ♦)  ■  (X/tt>  t  cos[(trL/X)  cos  il>]  -  cos(itL/l) 

8 in  (ttL/X)  sin2  ^ 


(32) 


end 


cos  i}»  ■  cos  3  cos  +  sin  0  sin  0d  coa($  -  $d) 


(33) 


For  the  special  definition  of  coordinates  we  employ,  the  two  directions  of 
interest,  to  receiver  and  to  transmitter,  lie  in  the  x’,y'  plane,  so  6  ■  v/2 
and  we  have 

lhe  h^]  -  A^,  <j>^  [-cos  0d  sin  &d  sin($d  -  ♦)]  ,  (34) 

where 

cos  -  sin  0d  coa($  -  $<j)  .  (35) 


For  a  radiating  dipole  the  electric  fields  are  also  known  (see  Cross  [35] 
p.  15).  Our  dipole  radiates  toward  point  R  located  at  (r2,  */2,  3/2)  from 
figure  2.  The  fields  at  point  R  become 


■  • 

E0R 

-JnIT  -j2wr2 A 

hg(ir/2,  0/2) 

e*r 

m  m 

2Xr2  * 

h^(ir/2,  3/2) 

(36) 


where  q  ■  120ir  is  the  intrinsic  impedance  of  our  medium,  considered  the  same 
aB  free  space.  The  radiated  fields  are  due  to  the  current  induced  into  the 
dipole  by  the  incident  field.  This  current  is  the  ratio  of  induced  open- 
circuit  equivalent  voltage,  denoted  by  Voc,  to  antenna  impedance ,  denoted  by 
zrad>  when  the  "load"  on  the  antenna  as  a  receiver  is  aero  (shorted  dipole). 
We  have 


*T  "  ^oc^2rad 

■  [EeThe(ir/2,  -0/2)  -  E,j,Th$(ir/2 ,  -0/2)]/zrad 


(37) 


By  combining  equations  (37)  and  (36)  and  writing  the  result  in  the  form 
of  equation  (16),  we  have  the  elements  of  [d] , 
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dll  *  BA0(e/2)  cos2  ed  (38a) 

di2  ■  BAq(3/2)  cos  6d  sin  0d  sin($d  +  -|)  (38b) 

d2i  -  -BA0(B/2)  cos  ed  sin  6d  sin($d  -  -|)  (38c) 

d22  ■  -BA0(8/2)  sin2  6d  sin($d  -  -|)  sin(<j>d  +  J)  ,  (38d) 

where  we  define 

B  -  [-jn/(2Azra<jr2)3  exp(-j2irr2 A)  ,  (39) 

A0(8/2)  -  A(ir/2,  8/2)A(ir/2,  -8/2)  .  (AO) 


3.3  Bistatic  Cross  Sections 

Average  cross  sections  can  now  be  found  from  equations  (23)  and  (2A)  using 
equation  (22)  since  matrices  [R] ,  [T],  and  [d]  are  now  defined.  Considerable 
detail  is  involved,  so  only  the  procedure  is  outlined.  If  we  define  two 
matrices  according  to 


F*  — 1 

p  _ 

' 

*1 

T1  -  t2Qt 

[X]  - 

x2 

■ 

T2  +  TjQx 

U  -J 

(41) 


and 


p  _ 

r  _ 

Wi 

m 

R1  *  r2Q|{ 

[w)  - 

w2 

R2  +  RlQR 

9 

^  -J 

(42) 


then  from  equation  (22)  becomes 

eR,  -  -  ~T  TT  [w*]t(d][x]  . 

1  1  +  I Qr| 2 

Here  [•]*  denotes  the  matrix  transpose. 


(43) 


The  result  of  forming  | Erj | 2  by  using  equation  (43)  and  expanding  out  the 
matrices  is  a  linear  sum  of  terms  involving  all  possible  combinations  of  the 
coefficients  of  [d]  with  themselves  conjugated.  When  the  average  E[|Eg,|2]  is 
formed,  assuming  angles  and  $d  are  uniformly  distributed  in  direction 
over  the  sphere,  the  following  averages  of  the  coefficient  products  result: 


E[djjdi*]  0 

(44a) 

E[dnd12]  -  E[d12d1f]  -  0 

(44b) 

E[dnd2j]  ■  E[d2idj*]  ■  0 

(44c) 

E[dud2$]  -  EldazdjJ]  -  E[dI2d2?] E[d21dlJ]  i  0 

(44d) 

E[di2diJ]  -  E[d2 jd2*]  +  0 

(44e) 

E[d12d2J]  -  E[d22d1 J]  »  0 

(44f) 

E[d21d22]  -  E[d22d2*]  -  0 

(44g) 

E[d22d22]  i  0  . 

(44h) 

The  four  nonzero  quantities  in  equations  (44)  are  summarized  below  with 
appropriate  symbol  definitions 


®-LtoJ.  "  Airr22E[dndn]  -  4irr22|B|2E[AS(0d,  *d)  cos'*  9d]  , 
3J.to  I)  "  4*r22E[d12d12] 

4irr22|Bl2E[Ao(6d,  $d)  cos2  0d  sin2  0d  sin2  (<|>d  +  £)], 
A  2 

oA  ■  4itr2  E[dnd22] 


(45) 


(46) 


(47) 


-4irr2  |b|2E[A02 (0d,  $d)  cos2  0d  sin2  0d  sin(4>d  -  4)  sin(4»d  +  4)], 


5 1]  toll  "  4irr22E[d22d2$3 


(48) 


4*r2  |B|2E[AO2(0d,  *d)  sin4  0d  sin2(*d  -  §)sin2(<f>d  +|)], 


where  the  spherical  average  is  defined  by 

r2lf  f 

EN  ■  &  Ju.0  J6  „  '•> sin  6<i  • 


(49) 


With  these  definitions  E[|eRi|2]  from  equation  (43)  reduces  to  a  reasonable 
number  of  terms,  and,  when  it  is  substituted  into  equation  (23)  we  finally 
obtain 
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The  use  of  equations  (50)  and  (51)  in  a  given  problem  amounts  to  using 
specified  transmitter  and  receiver  antenna  polarizations  (they  determine  Q? 
and  Qr)  ,  using  specified  geometry  (which  determines  Xi ,  X2 ,  Wi ,  and  W2) , 
and  finding  the  functions  cr^tol*  cfj_  to  |j  ,  04,  and  ^utofl  *  We  next  determine 
these  f unctions . 


3.4  Scattering  Plane  Cross  Sections 


It  is  easy  to  show  (examples  1  through  6  below)  that  if  transmitter,  di¬ 
pole,  and  receiver  all  lie  in  the  x,y  plane  of  figure  1,  then  5xtox  is  the  bi¬ 
static  cross  section  when  both  transmitter  and  receiver  antennas  have  linear 
polarization  perpendicular  to  the  scattering  plane.  Similarly,  ^  II  to  It  applies 
when  both  are  linear  and  parallel  to  the  scattering  plane,  while  Bj^o  ||  is 
cross  section  when  both  are  linear  with  one  parallel  and  the  other  perpendicular. 
Which  is  which  in  the  last  case  is  not  important  since  it  can  be  shown  that 
oxtou  ■  3  g tojL  •  We  also  show  below  that  5^  is  one  half  of  the  difference  be¬ 
tween  a  and  crx  when  the  transmitter  and  preferred  receiver  polarizations  are 
linear  and  tilted  45s  from  the  horizontal  axis. 


Since  the  four  cross  sections  given  by  equations  (45)  through  (48)  are,  in 
general,  difficult  to  analytically  solve,  it  is  fortunate  that  they  depend  only  on 
0  and  the  dipole's  length  relative  to  A.+  This  fact  allows  equations  (45) 


^"zrad  required  in  equation  (39)  is  set  once  L/X  is  chosen. 
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through  (48)  to  be  computed  by  digital  computer  for  various  values  of  8  for 
selected  dipole  lengths  and  the  results  used  for  any  general  scattering  problem 
through  equations  (SO)  and  (SI).  Computed  results  are  plotted  in  figures  3, 

4,  5,  and  6  for  dipoles  of  resonant  lengths  of  X/2,  X,  and  3X/2.  The  nu¬ 
merical  data  used  in  the  plots  are  given  in  tables  1,  2,  and  3.  For  L  ■  X/2 
the  well-known  value  zra(j  -  73.00  was  used.  For  L  -  3X/2  the  impedance  pro¬ 
cedure  of  Kraus  [34,  p.  143]  was  extended  to  obtain  zra(j  ■  105.43.  For  L  ■  X 
our  model  contains  an  indeterminate  form,  since  8in(irL/X)  -  0  ir  equation  (32) 
while  zrad  "  •  in  equation  (37),  theoretically;  in  this  case  it  Is  reasonable 
that  the  form  of  the  scattering  determined  by  equations  (36)  and  (37)  remains 
valid  except  for  unknown  scale.  Scale  was  arbitrarily  set  to  Chu's  value  of 
0.166X2  for  the  backs catter  point,  0-0;  this  operation  was  equivalent  to 
assuming  zra<j  sln(trL/X)  -  224.60  in  the  model. 


8  (DEGREES) 


Figure  3.  Spherically  averaged  bistatic  cross  sections  for 
linear  transmitting  and  receiving  polarizations 
perpendicular  to  the  scattering  plane.  Cross 
sections  have  even  symmetry  about  0  -  ir/2  (90d) 
and  0  -  w  (180*). 
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Figure  4.  Spherically  averaged  blatatlc  cross  sections  for 
linear  transmitting  and  receiving  polarisations, 
one  perpendicular  to  and  one  parallel  with  the 
scattering  plane.  Cross  sections  have  even 
symmetry  about  6  ■  w/2  (90°)  and  3  ■  r  (180°). 


Figure  5.  Spherically  averaged  bistatic  cross  sections  for 
linear  transmitting  and  receiving  polarizations 
parallel  to  the  scattering  plane.  Cross  sections 
have  even  symmetry  about  8  ■  v/2  (90°)  and  8  *  if  (180°) 
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Figure  6. 


0  (MGMK8) 

Plots  of  the  function  9&/X2  versus  bistatic 
scattering  angle  ft*  The  function  has  odd 
symmetry  about  0  -  ir/2  (90*)  and  even 
symmetry  about  0  -  w  (180°). 


TABLE  1.  FUNCTIONS  9ttoX  /X2,  5j.tol,  /X2,  3„to„  /X2, 

AND  84/X2  TOR  DIPOLE  LENGTH  L  -  X/2  AND  VARIOUS 
VALUES  OF  BISTATIC  SCATTERING  ANGLE  0.+ 


tf-i 


•ito-LA* 

•Xtoll  A* 

»ll  to  H  A* 

»gA* 

0 

0.13203 

0.03067 

0.13202 

-0.03067 

3 

0.13202 

0.03062 

0.13113 

-0.03047 

10 

0.13200 

0.03047 

0.14847 

-0.04987 

13 

0.1S1M 

0.03022 

0.14413 

-0.04888 

20 

0.13192 

0.04988 

0.13830 

-0.04751 

23 

0.13186 

0.04947 

0.13112 

-0.04377 

30 

0.13179 

0.04899 

0.12283 

-0.04367 

33 

0.13171 

0.04846 

0.11371 

-0.04125 

40 

0.13163 

0.04789 

0.10403 

-0.03851 

43 

0.13133 

0.04731 

0.09415 

-0.03549 

so 

0.13146 

0.04673 

0.08430 

-0.03221 

33 

0.13138 

0.04617 

0.07481 

-0.02869 

60 

0.13131 

0.04364 

0.06396 

-0.02498 

63 

0.13124 

0.04317 

0.0378C 

-0.02108 

70 

0.13118 

0.04476 

0.03116 

-0.01074 

75 

0.13113 

0  04443 

0.04363 

-0.01268 

80 

0.13110 

0.04419 

0.04157 

-0.00864 

k 

0.13108 

0.04404 

0.03909 

-0.00433 

90 

0.13107 

0.04399 

0.03826 

0.0 

+411  functions  have  wan  ayBstry  about  8  »  90  dag  and 

$  -  180  d«t  oxctpt  9aA2»  which  hu  odd  •ymmtry 

about 

9  ■  *0  dag  and  wan  ayaaatry  about 

8  *  180  dag. 
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TABLE  2.  FUNCTIONS  8jLto lA2.  &ltol|A2,  ®«to|A2, 

AND  B^/X2  FOR  DIPOLE  LENGTH  L  -  X  AND  VARIOUS 
VALUES  OF  BISTATIC  SCATTERING  ANGLE  B.+ 


• 

(MBUK) 

•XtaX/»* 

»Xtotf  A* 

•II  tall  /»* 

44A* 

0 

0.14400 

0.01)12 

0. 14197 

-0.011)2 

s 

0.1417* 

0.014*1 

0.14)71 

-0.014*0 

10 

0. 111(1 

0.01344 

0.11724 

-0.01344 

1) 

0.14411 

0. 01211  ' 

0.14701 

-0.01141 

to 

0.14171 

0.04*7* 

0.13)41 

-0.04493 

IS 

0.161*3 

0.04702 

0.11442 

-0.04144 

so 

0.11909 

0.04392 

0.10234 

-0.04202 

JS 

0.114*1  1  0.04064 

0.04402 

-0.03409 

40 

0.11477 

0.03729 

0.07042 

•0.0)402 

41 

0.IS2S) 

0.0)402 

0.01614 

-0.02992 

SO 

0.110)3 

0.030*1 

0.04)70 

-0.02149 

IS 

0.14424 

0.02401 

0.03317 

-0.02202 

40 

0. 1401 

0.02111 

0.02441 

-0  0143) 

41 

0. 14419 

0.02)32 

0.017*1 

-0.01441 

70 

0.1431) 

0.02111 

0.01344 

-0.01114 

71 

0.14197 

0.02010 

0.00924 

-0.004)0 

•0 

0.14111 

0.0190* 

0.00644 

-0.001)4 

as  ■ 

0. 14060 

0.01444 

0.00147 

-0.00274 

90 

0.14042 

0.01424 

0.90103 

0.0 

*411  fuuctlooa  t.sva  avan  ayaaatry  about  I  •  90  dog  Mad 
4  *  180  d««  oacapt  S4A*.  uhlch  haa  odd  ayuMtry  about 
•  ■  M  dag  aod  a*an  ayauatry  about  $  »  140  dat- 


TABLE  3.  FUNCTIONS  Sj^j/X2,  5j.to||  /X2,  5|ton  /X2, 

AND  3a/X2  FOR  DIPOLE  LENGTH  L  -  3X/2  AND  VARIOUS 


VALUES  OF  BISTATIC  SCi 

OTTERING  f 

I.+ 

* 

(Moans) 

•LtoX'** 

•Xtoll  A1 

*11  toll  A* 

**/»* 

0 

0. 14349 

0,*6I21 

0.1*363 

-0.06121 

l 

0.14144 

0.06044 

0.1714) 

-0.0191* 

10 

0.17661 

0.01440 

0.13494 

-0.01341 

is 

0.16410 

0.01174 

0.12714 

-0.04101 

20 

0.11427 

0.01331 

0.10032 

-0.0)119 

21 

0.14641 

0.03149 

0.04074 

-0.02134 

30 

0.13499 

0.01149 

0.07161 

-0.01649 

31 

0.12)49 

0.01332 

0.07232 

-0.00924 

40 

0.11274 

0.01174 

0.07910 

-0.00371 

41 

0.10)11 

0.01411 

0.04914 

40.00033 

10 

0.09413 

0.06049 

0.09404 

0.00324 

IS 

0.04703 

0.062)1 

0.10104 

0.00334 

60 

0.04047 

0.06261 

0.11044 

0.00674 

41 

0.07440 

0.06173 

0.1I31Z 

0.00761 

70 

0.07000 

0.06000 

0.121)1 

0.00766 

7) 

0.06411 

0.0)790 

0.12790 

0.00641 

40 

0.06326 

0.01394 

0.134)6 

0.00314 

4) 

0.06144 

0.014)7 

0.1391) 

40.00279 

90 

0.06044 

0.01407 

0.14093 

0.0 

I  *All  fuactiooa  tar*  ivm  syaaatry  about  0  •  90  dag  and 

*  •  140  dat  ascapt  84A*.  uhlch  haa 

9  •  90  dat  ■od  avaa  ayaaatry  about 

add  ayaaatry  about 

4  •  140  dat. 
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Data  for  L  ■  A/2  agraa  wall  with  thoaa  of  Hack  and  Ralffan  [21].  How¬ 
ever,  data  for  L  ■  A  do  not  agraa  with  thoaa  in  [21]  becauaa  of  an  arror  re¬ 
cant  ly  confirmed  by  Ralffan  [36];  tha  arror  appears  to  stem  I'rom  an  erroneous 
aquation  (aq.  (10)  in  [21])  used  In  computer  simulation.  Th*  arror  has  appar¬ 
ently  never  bean  corrected  in  tha  literature  and  it  has  bean  propagated 
[6.  p.  302]. 

3.5  Relationship  to  Stokes1  Parameter  Method 

As  mentioned  previously,  tha  analysis  of  Dcdrick,  Hesaing,  and  Johnson 
[3v]  using  Stokes'  parameters  showed  that  only  four  parameters  denoted  by 
V  *1  ^ *  ^$^2 2) »  and  are  needed  to  find  cross  sections  for 

any  polarisations  of  transmission  and  reception.  Unfortunately,  their  work 
related  to  polarisations  ds fined  with  respect  to  the  scattering  plane,  end 
general  relations  for  geometry  such  as  in  figure  1  were  not  dev  sloped.  Also, 
their  evaluations  of  the  four  functions  were  not  done  for  the  1 lual  resonant 
dipole  lengths.  Furthermore,  their  numerical  work  relied  on  a  computer  in¬ 
tegration  method  that  produced  significant  error  (observe  flue  uatlons  in  their 
plotted  data).  We  can  shew  that  these  difficulties  are  all  ov  rcome  by  use 
of  the  present  results.  The  procedure  Is  simply  to  show  hew  t  ie  four  functions 
of  Dedrlck  et  el.  [30]  are  related  to  the  four  cross  sections  found  here  to  be 
required  for  the  general  problem. 

Parameters  OgtoR  »  ®ltoi.»  and  o^tog  “  5|toX  here  and  :he  respective 
parameters  a  g  tog  ,  <Utoj.»  and  0g  toj.of  Dedrlck  et  al.  [  0]  are  defined 
Identically.  Thus,  we  use  the  equalities  and  solve  equatlor  (19)  of  Dedrlck 
et  al.  [30]  to  obtain 


4*0  "  I(8|l  toll  +  25J.to|| 

+  B_Lto_L)  » 

(52) 

<0*2)  -  |(3  ||  to  II  -  23j.t0|| 

+  9±to±)  » 

(53) 

<°*12>  -i<*  II  toll  -5j.tol) 

• 

(54) 

To  shew  the  remaining  relationship  let  5/t.,/  denote  the  value  of  5  eorre- 
s ponding  to  linear  transmitted  and  received  p^f erred  polarizations  tilted  45° 
from  the  respective  and  axes  whe»*  i,  D,  and  R  all  lie  in  the  x,y 
plane  of  figure  1.  For  the  same  con'*  bions  denote  the  value  of  3X  by  9/toV 
Then  it  can  be  shown  that  ' 


(55) 
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4.  MULTIPLE  DIPOLE  SCATTERING 


When  scattering  la  due  to  many,  aay  N,  dipoles  In  a  cloud,  tha  received 
fields  are  tha  sums  of  fields  caused  by  Individual  dipoles. t  For  a  typical, 
aay  the  i**1,  dipole  equation  (22)  again  applies,  where  now  all  the  parameters 
of  [R],  [d] ,  IT j  ,  Qt,  and  even  Ex  may,  in  general,  depend  on  i.  However, 
some  reasonable  assumptions  will  greatly  simplify  the  developments.  Let  us 
assume  the  dipoles  viewed  by  the  transmitter,  in  its  main  beam  for  example, 
are  either  far  enough  away  or  are  of  sufficiently  small  range  and  angular  ex¬ 
tent  that  their  incident  waves  are  all  of  the  same  polarisation  and  all  of 
about  the  same  field  strength  (1/ri  factor  about  the  same  for  all  dipoles). 
These  assumptions  allow  |Ex|,  Qt>  end  [T]  to  all  be  approximately  indepen¬ 
dent  of  i.  By  making  similar  assumptions  about  the  cloud-receiver  path  [R] 
is  approximately  Independent  of  i.  These  assumptions  basically  make  aquations 
(4)  and  (5)  valid  provided  |ERjj2  and  |  Er2  1 2  ere  properly  determined ;  al¬ 
ternatively,  equations  (23)  and  (24)  are  equivalent  valid  forma. 

The,  now  total,  received  field  "amplitude"  components,  denoted  again  by 
Egj  and  Er2,  from  equation  (22)  aren't 


[R] [D] [T] 


LQxJ 


I Efl  » 


(56) 


where  all  terms  are  defined  as  before  except 


Id]  A 


"  -janrnA 
2-»  dllie 
i-1 

N  -jzwr^/x 

£  d21ie 
i-1 


N  -$znl±t\ 

d12i® 

N  -jiTfr^/X 

£  d22ie 
i-1 


(57) 


*  We  shall  assume  that  scattered  fields 
dipoles  are  negligible. 

++ 

The  phase  of  Ex  has  been  incorporated 
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due  to  multiple  reflections  between 
into  the  definition  of  [d]  . 


Parameters  for  m  and  n  -  1,  2,  are  no*?  given  by  equation  (38)  with 

variables  64  and  $4  replaced  by  841  and  $41,  respectively.  Variable  r2 
in  the  exponent  of  equation  (39)  is  replaced  by  r2i;  but,  because  of  the  above 
assumptions,  T2  in  the  factor  l/r2  remains  the  nominal  distance  to  the  cloud  and 
does  not  depend  on  i. 

The  procedure  for  find  a  and  5X  .-roceeds  exactly  as  above  for  one  dipole; 
we  expand  equation  (56)  and  obtain  | Er 1 | 2  -and  |Er2|2  so  that  substitution 
into  equations  (23)  and  (24)  can  be  made.  The  expansions  again  lead  to  ten 
functions  as  given  in  equation  (44)  except  where  the  Dmn  replace  the  dmn.  m 
and  n  ■  1,  2.  Expectations  now  must  include  the  randomness  of  dipole  positions 
because  positions  affect  the  phases  of  the  parameters  D^  through  factors 
exp[~j2Tr(rii  +  r2i)/X] .  By  making  the  reasonable  assumption  that  the  phases 
2ff(tii  +  r2i) /X  are  uniformly  distributed  on  (0,  2ir)  and  that  dipole  phases  are 
independent,  due  to  independent  positions,  we  find  the  Important  result  that 
the  ten  functions  of  equations  (44)  involving  the  Dmn  are  individually  equal 
to  the  ten  functions  of  equations  (44)  involving  the  dmn  for  a  single  dipole 
multiplied  by  N.  Thus,  all  cross  sections  based  on  scattering  from  the  N  di¬ 
poles  are  equal  simply  to  N  times  the  cross  section  of  a  typical  dipole.  Di¬ 
pole  cloud  cross  sections  are  simply  N  times  the  results  of  equa^'ons  (50)  and 
(51)  which  leads  finally  to  equations  (6)  and  (7) . 

5.  SCATTERING  EXAMPLES 

5.1  Tranamitter-Cloud-Receiver  in  x,y  Plane 

Several  examples  serve  to  illustrate  the  physical  meanings  of  CjLtoJL* 

®i.to|l  »  3  ||  ton»  and  9a*  These  examples  assume  the  transmitter,  the  receiver, 
and  the  cloud's  centroid  lie  in  the  x,y  plane  (figure  1).  Thus,  0}  *  ir/2, 

02  ■  tt/2,  3  -  fa  ~  4>l  -  ir  and,  from  equations  (8)  through  (15),  we  find  Tj  -  1, 
T2  ■  0,  Rj  ■  1,  and  R2  ■  0,  so  Xj  ■  1,  X2  *  Qt*  Wi  ■  1,  and  W2  ■  Qr.  The 
reduced  forms  of  equations  (6)  and  (7)  become 


9  - 


N 


j5_LtoX+  5JLtoll  <IQrI2  +  IQtI2> 


(i  +  | qt| 2) (i  +  |qr12) 

+  3  (I  toll  IQrHQtI2  +  43  a  R*(Qr>  R®(Qt>| 


(58) 


(1  +  | Qx 1 2 


“  ;  ~~  j5±to||  +  IQtI2|QrI2)  +  5xto_L  !QrI: 

Hi  +  IQrI2)  < 


+  0  ||  to|j  |  Qx| 2  -  4oA  Re(QR)  Re(Qx) 


(59) 


A  transmitter  or  receiver  having  vertical  (V)  linear  polarization  has  its  elec¬ 
tric  field  vector  perpendicular  (1)  to  the  scattering  plane,  while  horizontal  (H) 
linear  corresponds  to  a  field  vector  parallel  (  II  )  to  the  scattering  plane. 

Example  1 — Transmit  V,  receive  V:  From  table  A-l,  Qx  “  0,  Qr  «  0.  From 
equation  (58),  the  cross  section,  denoted  by  ay\j,  for  the  preferred  receive 
polarization  is 


N5 J.  to  4-  * 


(60) 


The  cross  polarization  corresponds  to  reception  of  H: 

5vh  “  5X  -  K5_Lto||  ’ 
from  equation  (59). 

Example  2 — Transmit  H,  receive  H:  From  table  A-l,  QT  =  00 ,  Qr  “  ®. 
equation  (58). cross  section,  orr,  is 

oHH  =  o  “  No  |j  co  ||  . 


(61) 


From 

(62) 


Cross  polarization,  oHy,  from  equation  (59)  becomes 
°HV  "  sx  *  N3_Lto  ||  “  N3  II  to  -L  • 


(63) 


Example  3 — Transmit  V,  receive  H:  Here  Qx  ■  0,  Qr  ■  ®.  Cross  sections 
from  equations  (58)  and  (59) ,  denoted  by  OyR  and  oyv  become 

Ovh  *  o  *  N5J.to||  ’  (6* 


-  A  _ 
°W  "  ax 


r„Lto  JL 


Example  4— -Transmit  H,  receive  V:  Here  Qx  =  00  >  Qr  *  0*  Similar  to  ex¬ 
ample  3  we  get 


5HV  ^  5  "  N5±to  ||  =  N3  ||  to  J_  * 

SHH  "  5x  "  ^  II  toll  * 


(66) 

(67) 
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nawr"\.w.  r.  i » * .  .-t: 


Example  5— Transmit  linear  tilted  from  horizontal  by  45°,  receive  same. 
Here  Qt  ■  1»  Qr  "  -1.  Denote  by  No/to/  the  total  cross  section  applicable  to 
the  preferred  receiver  polarization  given  by  equation  (58);  It  Is 


No 


/to/ 


"  5  "  f[5J.toX  +  23Lto|j  +  5  ||  to||  +  45a] 


(68) 


The  cross  section,  denoted  by  No/to\,  for  the  receiver  cross-polarlzatlon  given 
by  5X  is 


™/to\  "  3x  "  ?[3±to  J_  +  23J.to||  +  3  II  to  ||  ‘  43a] 


(69) 


ft 


1 


By  subtracting  equation  (69)  from  equation  (68)  we  get 
SA  ‘  (B/tV  -  ff/to\)/2  • 


(70) 


Thus,  oA  is  half  the  difference  in  cross  sections  (per  dipole)  seen  by  the  re¬ 
ceiver  in  preferred  and  orthogonal  polarizations  when  transmit  and  preferred 
receiver  polarizations  are  linear  and  tilted  45*  with  respect  to  the  scattering 
plane. 


By  retracing  this  example,  we  also  find 


"  (®\to\  * 


\to/ 


,y2  . 


(71) 


Example  6 — Transmit  right-circular,  denoted  by  o*.  receive  right-circular . 
Here  Qt  ■  - j  *  Qr  “  j  and 

50r  to  OR  ■  5  -  (5j.toi  +  25X  toll  +  5  II  toll  )"«  •  <72> 


?0R  to  °L  “  5x  "  3 Or  to  Or  » 


(7.3) 


where  0^  denotes  left-circular.  Here  we  see  that  a  circularly  polarized  re¬ 
ceiver  sees  the  same  cross  section  regardless  of  choice  of  rotation  sense. 
Similarly  it  results  that 


*0l  to  0l  k  3  "  (3-L  to  J-  +  23-L to  ||  +  3  ||  toll  )«/*  * 

30l  to  0R  4  5x  “  50l  to  Ol  • 


(74) 

(75) 


«*•  **'  **'J»*'*  n4*  /*  ^'“4^  -'*•  ■»’*  «**•  -*."\**<  V** 


*  .  *\  'i 


<4  —  •  -  «■ 
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Thu3,  bistatic  cross  section  is  the  same  when  both  transmitter  and  receiver 
have  circular  polarizations,  regardless  of  combinations  of  rotation  senses. 


5.2  Cloud- Receiver  Not  in  x,y  Plane,  Example  7 


As  a  final  example  let  the  transmitter  have  linear  polarization  in  the  61 
direction  (Qx  ■  0)  and  the  receiver  preferred  polarization  be  linear  in  the  02 
direction  (Qr  »  0).  Let  the  centroid  of  a  cloud  of  half-wave  dipoles  be  lo¬ 
cated  at  0i  ■  25ir/180  (or  25°)  and  ■  75ir/180  (or  75°)  at  a  distance 
ri  «  5(103)m.  The  receiver  is  at  a  distance  r2  *  101*  m  from  the  cloud  cen¬ 
troid  and  12.5(103)m  from  the  transmitter.  The  receiver  has  an  "elevation" 
angle  of  50°  from  the  x,y  plane  as  seen  from  the  transmitter.  We  find  bi¬ 
static  cross  sections  5/(NA2)  and  3X/(NA2). 


From  simple  geometry  as  in  figure  1,  we  find  that  0  3  108.21ir/180  (or 
108.21°),  02  *  59.71ir/J80,  <J>2  -  321.65*/180,  and  <h  -  <f>2  »  113.35rr/180. 

From  equations  (8)  through.  (15)  we  calculate  Xj  ■  Tj  *  0.835,  X2  ■  T2  ”  0.551, 

Wi  -  Ri  -  0.408,  and  W2  -  R?  ■  -0.913.  By  interpolation  of  table  1  at 
scattering  angle  71.79°  [90.0°  -  (108.21°  -  90.0°)]  we  find  8  u toll  “  0.04918, 
SitoX  -  0.15116,  oi±01|  /A2  -  0.04464,  and  3A/A2  -  0.01151.  Finally  from 
equations  (6)  and  (7)  we. calculate  3/(N.\2)  ■  0.0503  and  ox/(NA2)  *»  0.1146. 

Note  for  this  problem's  geometry  the  antenna  with  preferred  polarization  would 
receive  less  power  than  one  with  the  orthogonal  polarization. 


6.  SUMMARY  AND  DISCUSSION 

In  this  paper  the  spherically  averaged  bistatic . cross  sections  applicable 
to  a  cloud  of  randomly  positioned  and  randomly  oriented  resonant  dipoles  have 
been  found.  For  a  transmitting  antenna  of  arbitrarily  specified  polarization 
(set  by  parameter  Qx  as  discussed  in  appendix  A) ,  a  receiving  antenna  of  arbi¬ 
trarily  specified  (by  parameter  Qr)  polarization,  and  geometry  shown  in  fig¬ 
ure  1,  the  cross  section  is  given  by  o  of  (6).  The  cross  section  applicable 
to  the  corresponding  orthogonal  receive-antenna  polarization  is  given  by 
3X  of  equation  (7) . 

Parameters  Xi,  X2,  Wj,  and  W2  depend  on  the  geometry  of  the  problem 
and  are  found  from  equations  (8)  through  (15).  The  functions  3j,toA.* 

<Ut0||  r  8  litoll  »  ai»d  3A  depend  on  the  length  of  the  resonant  dipole  chosen 
(half-wavelength,  full-wavelength,  etc.)  and  on  the  scattering  angle  0  of 
figure  1;  they  are  plotted  in  figures  3  through  6  and  tabularized  in  tables  1, 
2,  and  3. 

Our  results  agree  well  with  Mack  and  Reiffen  [21]  for  ha If -wavelength 
dipoles,  correct  erroneous  results  in  [21]  for  full-wave  dipoles,  give  new 
results  for  three-halves-wavelength  dipoles,  and  have  produced  explicit  ex¬ 
pressions  for  cross  sections  for  any  geometry.  The  relationships  to  another 
analysis  method  using  Stokes'  parameters  [30]  has  been  shown,  and,  by  proper 
use  of  parameters  of  this  paper,  one  may  compute  the  parameters  of  Dedrick 
et  al.  [30]  with  better  accuracy. 


Equations  (6)  and  (7)  were  derived  assuming  perfectly  conducting,  thin 
dipoles  of  resonant  length,  having  a  sinusoidal  current  distribution  along 
their  length.  Such  a  distribution  is  reasonable  for  shorter  wire  lengths;  it 
becomes  questionable  for  longer  lengths.  The  model  used  is  therefore  probably 
not  applicable  for  lengths  longer  than  about  three-halves  wavelength. 
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APPENDIX  A— POLARIZATION  CONSIDERATIONS 


A  general,  elllptically  polarized,  plane  wave  propagating  in  the  r  di¬ 
rection  has  electric  field  components  Eg  and  Ea  in  the  6  and  $  directions 
at  the  origin  of  a  spherical  coordinate  system  given  by  Kraus  [34] : 


Eg  -  A  cos  wt  -  Re  (a  eJwt)  ,  (A-l) 

E^  ■  B  cos (ut  +  a)  ■  Re^B  e^ut+^0).  (A-2) 


Here  A  and  B  are  peak  amplitudes  (positive  quantities),  a  is  a  phase  angle, 
u  is  angular  frequency,  and  t  is  time.  The  wave  is  completely  specified  by 
the  three  quantities  A,  B,  and  a.  For  an  observer  at  the  origin  looking  in 
the  direction  of  propagation,  the  instantaneous  electric  field  vector  appears 
to  rotate  in  a  counter-clockwise  direction  for  0  <  a  <  v  regardless  of  the 
relative  amplitudes  of  A  and  B;  this  is  defined  as  left-elliptical  polariza¬ 
tion  by  IEEE  standards.  For  -ir  <  a  <  0  rotation  is  clockwise  and  we  have 
right-elliptical  polarization.  If  A  ■  B  the  locus  of  the  tip  of  the  electric 
field  vector  is  a  circle  when  a  -  ±tt/2;  rotation  is  counter  clockwise  for 
a  ■  ir/2,  and  the  wave  polarization  is  called  left-circular;  for  o  ■  — ir/2  we 
have  clockwise  rotation  and  right-circular  polarization. 


Polarization  Ellipses 

The  ellipse  traced  by  the  electric  field  vector  is  illustrated  in  figure 
A-l  (note  that  positive  6  and  $  directions  are  downward  and  left,  respec¬ 
tively)  . 


Figure  A-l.  Locus  of  tip  of  electric  field  vector 
for  elliptical  polarization. 


33 


Polarization  can  also  be  defined  by  the  three  quantities  shown:  a  and 
b  are  ellipse  minor  and  major  axes  half-lengths ,  respectively;  6  is  the  tilt 
of  the  major  axis  from  the  4  axis.  It  can  be  shown  that  A,  B,  and  a  are  re¬ 
lated  to  a,  b,  and  6  by 


a2  - 


2A2B2  sin2  o 


(A2  +  B2)  -  /(A2  +  B2)2  -  4A2B2  sin2 


(A-3) 


b2 


_ 2A2B2  sin2  q _ 

(A2  +  B2)  +  /(A2  +  B2)2  -  4A2B2  sin2  a 


tan  26 


2AB  cos  q 
B2  -  A2 


(A-4) 

(A-5) 


The  ratio  a/b  is  often  called  axial  ratio  and  is  usually  specified  as  a  number 
greater  than  unity.  Thus,  if  a/b  <  1,  axial  ratio  becomes  b/a. 

The  reverse  relationships  are 


A2  “  a2 

sin2  6  +  b2  cos2  6  , 

(A-6) 

B2  -  a2 

cos2  6  +  b2  sin2  6  , 

(A-7) 

tan  a  * 

2ab 

(A-8) 

(a2  -  b2)  sin  26 

Complex  Fields  and  Wave  Decomposition 

In  the  text  fields  are  represented  by  complex  quantities.  The  complex 
field  components  are  the  exponential  extensions  of  equations  (A-J.)  at.'  (A-l); 
that  is,  Eq  is  represented  as  the  complex  quantity,  A  exp(jut).  Usually,  the 
common  factor,  exp(jmt),  is  suppressed  since  this  carries  through  all  steps  in 
analysis.  The  remaining  factor  is  called  the  complex  envelope  of  the  field. 
With  these  points  in  mind,  fields  in  the  text  are  complex  with  components 

E0  -  A  ,  (A-9) 

-  B  eJ°  .  (A-10) 
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In  vector  (matrix)  notation  thaaa  components  give 


V 

»  m 

1 

m 

< 

u 

b 

AQ 

Q 

where  we  define  a  field  component  ratio,*  denoted  by  Q,  as 
Q  ^  Eg /Eg  -  B  e^°/A  . 


(A-ll) 


(A-12) 


Table  A-l  illustrates  values  of  Q  for  some  typical  wave  polarizations. 


TABLE  A-l.  VALUES  OF  Q  FOR  VARIOUS  WAVE  POLARIZATIONS. 


Wave 

Polarisation 

Q 

A 

B 

■ 

Linear  in  8  direction . . . 

0 

0 

■ 

Linear  in  +  direction . . 

gjgjgl 

H 

Linear  tilted  by  angle  4q  from  +  axis 

cot  $Q 

arbitrary 

A  cot  +0 

0 

Left  circular  . 

arbitrary 

«  A 

k/2 

Right  circular . . . . 

-j 

arbitrary 

•  A 

-w/2 

If  equation  (A-ll)  represents  electric  field  vector  E,  the  magnitude 
squared  of  E  is 


|E|*  -  [E$  Ej] 


Ec 


“  |«g|l  +  |E+|2  -  |A|*[1  +  |q!2] 


(A-13) 


Next, 
(A-ll)  and 


let  E  represent  an  arbitrarily  polarized  field  given  by  equation 
let  two  other  elliptically  polarized  waves  be  described  by 


*This  ratio  has  also  been  called  a  "polarization  factor"  by  Beckmann  and 
Spizzichino  [37]  and  given  a  symbol  different  than  Q. 
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(A- 14) 


We  ah  car  that "fc  can  ba  decomposed  into  the  aum  of  "?i  .^having  an  arbitrary 
(selected)  elliptical  polarisation  aat  by  Qj,  and  *  which  has  the  ellip¬ 
tical  polarisation  orthogonal  to  that  of  "E*.  Since "Ej  and  "fc2  Are  to  be  or¬ 
thogonal  their  inner  product  ia  zero,  and 


*1  '  %  -  [*{  AtQj] 


A3 

a2 


-  A*Aj  +  AjQ^  -  0  . 


(A-15) 


which  requires  A3  »  -A2Q*  for  any  A2.  Thus,  we  require 


E  * 


Al 

-a2q* 

Al  ~  A2Q* 

“  Ej  +  Bj  ■ 

+ 

- 

AiQi 

a2 

A1Q1  +  A2 

(A-16) 


After  aolving  equation  (A-16)  for  and  A2 ,  we  have 
A(1  +  QQj) 

Al  "  1  +  |Ql!2 


(A-17) 


A(Q  ~  Qi) 

A2  "  1  +  iQil2 


(A-18) 


These  results  show  that  any  elliptically  polarized  wave  can  be  decomposed  into 
the  arm  of  one  elliptically  polarized  field  of  specified  polarization  and  "am¬ 
plitude"  given  by  equation  (A-17)  and  another  wave  with  "amplitude"  given  by 
equation  (A-18)  with  polarization  orthogonal  to  the  specified  wave.  This  means 
any  received  wave  can  be  separated  into  the  component  to  which  a  given  antenna 
responds  plus  another  component  to  which  it  does  not  respond. 
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Finally,  we  not*  that  the  powers  in  the  two  received  waves  are  pro¬ 
portional  to  j^|2  and  |t2|2 

|*l|2  -  |Ai|2(l+  |Qii2)  . 

|t2|2-  |A2|2d+  |Qll2)  • 


(A-19) 

(A-20) 
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